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Abstract 

Finite connected cubic symmetric graphs of girth 6 have been classified by 
K. Kutnar and D. Marusic {J. Combin. Theory Ser. B 99 (2009), 162-184), in 
particular, each of these graphs has an abelian automorphism group with two 
orbits on the vertex set. In this paper all cubic symmetric graphs with the lat- 
ter property are determined. In particular, with the exception of the graphs 
i<"4,^3,3,Q3,G'P(5,2),GP(10,2),F40 and GP(24,5), ah the obtained graphs are 
of girth 6. 

Keywords: cubic symmetric graph, Haar graph, voltage graph. 
MSC 2010: 20B25, 05C25. 



1 Introduction 

In this paper all graphs are finite, simple and connected. For a graph X, we let V{X)^ 
E{X), A{X), and Aut(X) denote the vertex set, the edge set, the arc set, and the full 
group of automorphisms of X, respectively. For an integer s > 1, by an s-arc of X 
we mean an ordered (s + l)-tuple (fo, . . . ,Vs) of vertices such that Vi ~ fj+i for every 
i G {0, . . . , s — 1}, and if s > 2, then Vi ^ for every i G {0, . . . , s — 2}. A graph 
X is called s-regular when Aut(X) is regular on the set of its s-arcs, and it is called 
symmetric when the group Aut(X) is transitive on A{X). 
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This paper concerns with cubic symmetric graphs, i.e., connected regular graphs X 
of degree 3, for which Aut(X) is transitive on A{X). It was proved by Tutte ^20j that 
every such graph is s- regular for some s < 5. This result was improved by Djokovic and 
Miller [8], who classified arc-transitive group actions on symmetric cubic graphs into 
seven types. For a recent development on this classification, we refer to [6] . In studying 
cubic symmetric graphs, many authors considered those graphs that are, in addition, 
of girth 6 (see, e.g. dUl [ISl [13 ESI US])- The classification of these graphs has been 
completed by Kutnar and Marusic [12]. It follows that, if X is a cubic symmetric graph 
of girth 6, then Aut(X) contains an abelian subgroup with two orbits on V{X) (see [T5[ 
Proposition 2.1, Theorems 1.1 and 1.2]). This observation motivated the present paper, 
where the object, we have proposed to ourself, is to find all cubic symmetric graphs 
having an abelian automorphism group with two orbits on the vertex set. It is worth 
to note that, the class of graphs considered by us includes all Cayley graphs on a group 
which has an abelian subgroup of index 2; the latter graphs have been the subject in a 
few papers (see, e.g. p!| [71 [22]). 

Before stating the main result we set the necessary notations: Q3, Kn, Kn,n, Fn de- 
note the cube, the complete graph on n vertices, the complete bipartite graph with 
color classes each of size n, and the cubic symmetric graph on n vertices provided that 
this is uniquely determined by n. The graphs described below will give the bulk of our 
classification: 

Example 1.1. (Generalized Petersen graphs) Let n,k be positive integers, n>3, 
and n/2 > k, then the generalized Petersen graph GP{n,k) has vertex set {ui,Vi : i G 
{0, n — 1}}, and its edges are in the form: 

{ui,Ui+i},{ui,Vi} and {vi,Vi+k}, 

where the arithmetic in the indices is done modulo n. Clearly, GP{n, k) is a connected 
cubic graph. The mapping Ui Mj+i, Vi h-> ViJ^^i is an automorphism, and this generates 
a group with two orbits on the vertex set. The following result is [HI Theorem A]: 

Frucht-Graver-Watkins Theorem (1971). The graph GP{n, k) is symmetric if and 
only zf (n, k) G {(4, 1), (5, 2), (8, 3), (10, 2), (10, 3), (12, 5), (24, 5)}. 

To sum up, GP(4, 1), GP(5, 2), GP(8, 3), GP(10, 2), GP(10, 3), GP(12, 5) and GP(24, 5) 
are connected cubic symmetric graphs having an abelian (in fact, cyclic) automorphism 
group with two orbits on the vertex set. □ 

Example 1.2. (Haar graphs) Let G be a finite group, a, 6 be in G such that a 
and G = (a, h). Then the Haar graph H{G] a, h) has vertex set {ug, Vg : g E G}, and its 
edges are in the form: 

{Ug,Vg},{Ug,Vga} aud {U g , V gb} ■ 

Haar graphs were introduced in [12], and were redefined under the name bi- Cayley 
graphs in [21]. Clearly, H{G]a,b) is connected and cubic. Moreover, the action of G 
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on the vertex set, given by i— )■ u^g^v^ i— >■ v^g, induces an automorphism group with 
two orbits; the latter group will be denoted also by G. Suppose, in addition, that G 
is abelian, and there exists some a G Aut(G') such that a°" = ha~^ and h" = a~^. Set 
X = H{G; a, b), and define the mappings a and f3 of V{X) by 

a : Ug Ug-y, Vg I— 7- Vg^a aud (3 : Ug "^g-^^ '^9 ^ "^g-^- 

A direct check shows that both a and /3 normalize G, and both are automorphisms of X. 
The group {G, a, (3) is transitive on V{X), and a fixes the vertex ui^ and permutes the 
neighbors of Ui^ in the 3-cycle {yi^ VaVb). Here and in what follows 1^ will denote the 
identity element of G. These imply that {G,a,P) is transitive on A[X), and therefore, 
X = H{G] a, h) is a symmetric cubic graph. □ 

The main result of this paper is the following theorem: 

Theorem 1.3. Let X he a finite connected cubic symmetric graph, and G < Aut(X) 
he an abelian subgroup with two orbits on V{X). Then one of the following two cases 
holds: 

(A) G acts unfaithfully on one of its orbits, and (X, G) is isomorphic to one of the 
following pairs: 

(7^4 , Z3 ) , (i^4 , , (i^3,3 , ) , (i^3,3 , Zi) , (i^3,3 , ^4) , (Qs , Ze) , (Q3 , ) , (GP(8, 3) , 

(B) G acts faithfully on both of its orbits, and either X = H{G;a,b),G = {a,b),a^ = 
ba~^ and h" = for some a G Aut{G); or {X,G) is isomorphic to one of the 
following pairs: 

(i^4, Z2), (^3,^4), (Q3, ^i), (GP(5, 2), Z5), {GP{8, 3), Zg), (GP(8, 3), Z2 x Z4), 

(GP(10, 2), Zio), (GP(10, 3), Zio), (GP(12, 5), Z12), (GP(12, 5), Z2 xZg), (GP(24, 5), Z24), 

(F40,Z2 X Zio). 

Remark 1.4. We remark that, with the exceptions of the following seven graphs: 

K,, 7^3,3, Q3, GP{5,2), GP(10,2), P40, GP(24,5), 

every graph in Theorem 11.31 is of girth 6. To see this, we observe first that the Haar 
graph H{G] a, b) with an abelian group G has the 6-circuit: 

u ~ ti ~ t>a ~ uab~^ ~ vab^^ ~ ub^^ ~ v, 

and hence the girth of H{G; a, b) is 4 or 6 (the graph is bipartite). Actually, the girth 
is 6, unless H{G\ a, b) = 3 or (it is well-known that -ft'4, -ft'3^3 and Q3 are the 
only connected cubic symmetric graphs of girth less then 5). Then we obtain the above 
seven graphs, after we have checked, simply using |@1 Table], the girth of the remaining 
graphs in Theorem ll.3[ In this paper we shall occasionally need information about cubic 
symmetric graphs of small order, and for this purpose shall use the catalog [H Table]. 
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We prove part (A) of Theorem 11.31 in Section 2, and part (B) in Sections 3-4. For 
the rest of the paper we keep the following notations: 

• X is a connected cubic symmetric graph. 

• G < Aut(X) is an abelian group with two orbits on V{X). 

• U and V are the orbits of G on V{X). 

2 Proof of part (A) 

In this section we consider the case when G is unfaithful onU oi V . We start with a 
simple lemma which will be used in the proof of Theorem 11.31 (A). Given a circuit C of 
X, we denote by E{C) the set of edges which appear in C . 

Lemma 2.1. With notations as above, let F he a subset of E{X), and C be the set of 
all i-circuits of X for some i > 2. If C is not empty, then 



Proof. Since Aut(X) is transitive on the set E{X), the number of ^-circuits on a given 
edge e G E{X) does not depend on the choice of e; let this number be denoted by k. Let 
us count the pairs (e, G) G E{X) x C for which e G E{C). The standard double-counting 
gives 



and formula (1) holds. □ 

It is well-known that if X has girth at most 4, then X = or K^^s or Q3. These 
graphs have several abelian automorphism groups with two orbits, and since these groups 
will appear throughout the paper, we have recorded them, up to conjugacy, in Table 1. 
In this table N denotes the largest normal subgroup of Aut(X) contained in G, and m 
denotes the number of complete matchings between the two orbits of G provided that 
these are of the same length. 

Proof of Theorem 11.31 (A). If X has girth at most 4, then the first seven pairs in 
Theorem 11.31 (A) follow by Table 1. For the rest of the proof let the girth of X be larger 
than 4. Suppose that G acts unfaithfully on U, and let Gu be the kernel of G acting 
on U, i.e., Gu = {g E G : ug = u for every u G U}. Let g G Gu and v E V such that 
vg ^ V. If t> ~ ui and f ~ M2 for distinct vertices mi,M2 G U, then vg ~ Uig = ui for 
i = 1,2, and hence v ui vg U2 ^ v. This is impossible as the girth is larger 




(1) 



k- \E{X)\ =i-\C\. 
Now, count those pairs (e, C) G -F x C for which e G E{G). Then 
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Table 1: Abelian subgroups G < Aut(X) with two orbits on V{X). 



than 4. Using also that U, V are orbits of G and that X is connected, this gives that 
every vertex in V has exactly one neighbor in U. Now, if G acts unfaithfully also on 
y, then the same argument yields that any vertex in U has exactly one neighbor in V. 
Therefore, if g E Gu, then g fixes pointwise V. This, however, contradicts that Gu is 
non-trivial. We conclude that G acts faithfully on V. Fix a vertex v E V. Since G is 
faithful on V, it is regular on V, and we may write V = {vg : g G G}, where vg 7^ vg' 
whenever g ^ g' . 

Let X\y] denote the subgraph of X induced by V . This graph is regular of degree 
2, hence there exists a E G such that 

E{X[V]) = {{vg,vga}:geG}. 

As the girth is at least 5, we see that the order of a is at least 5. In what follows the 
order of a will be denoted by \a\. 

Since G is transitive on V and commutes with Gu, Gu is semiregular on V. Then 
every orbit of Gu has length \Gu\- For a vertex vg G V, denote by Orhcuivg) the orbit of 
vg under Gu- There is a unique vertex u E U such that m ~ w for every w G Orhc^ivg). 
Thus \Gu\ = I OrbGu(f5')| < 3, and so \Gu\ = 2 or 3. We set b for a generator of Gu- 
Since v ~ va, OrbGu(f) 7^ Orhcuiva)- Thus there exist mi,U2 G f/, mi 7^ M2, such that 
we have the 6-circuit: 

C : f ~ Ml ~ f 6 ~ ffca ~ M2 ~ fa ~ M. (2) 

Case 1. IG;/! = 3. 

Since no edge lies in U and X is connected, the group (a, b) is transitive on Using 
also that G is regular on V, we obtain that G = {a,b)- Also, \V\ = \G\, \U\ = 
\V{X)\ = l\G\, and \E{X)\ = 2\G\- 

Apply Lemma [2. II with F = E{X[V]) and i = 6- As a result, there exists a 6-circuit 
C' such that |F n E{C')\ > 4 (notice that, \F f] E{C)\ = 2 for C given in (^). Thus C 
lies entirely in V, or shares exactly one vertex with U. 

In the former case \a\ = 6, \G\ G {6,18}, and \V{X)\ G {8,24} (recall that |6| = 
\Gu\ = 3). By d Table], X = Q3 or G'P(12,5). Each of these graphs, however, is 
impossible. In fact, has girth 4, and GP(12, 5) has no abelian automorphism group 
with two orbits on the vertex set and in the same time acting unfaithfully on one of 
these orbits (this we found by the help of the computer package Magma |2] ) . 
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In the latter case C can be written as 

C" : u ~ f ~ f a ~ va^ ~ va"^ ~ va'^ ~ u, 

where u (z U . Since m ~ f , ua'^ ~ fa'' also holds. As va^ has exactly one neighbor in 
U, ua^ = u, and so G Gfy. Recall that the order \a\ > 5. Since also \Gu\ = 3 and 
G = {Gu,a), we finally get G = (a), |G| = 12, and so X = G'P(8,3). We compute by 
Magma that this is indeed possible, G = Z12, and it has two orbits of lengths 4 and 12 
respectively. 

Case 2. \Gu\ = 2. 

In this case \V\ = \G\, \U\ = \V[X]\ = l\G\, and \E{X)\ = f In particular, 

|G| is divisible by 4. Notice that, X[U] consists of a 1-factor, and G acts transitively, 
hence regularly, on the edges of X[t/]. Let if < G be the subgroup defined hj H = {g E 
G : eg = g for every e G E{X[U])}. It follows that H = Zj. It is clear that Gu < H. 
The connectedness of X implies that {H, a) is transitive on V, and hence G = {H, a) . 

Apply Lemma O with F = E{X) \ E{X[V]) \ E{X[U]) and i = Q. As a result, 
there exists a 6-circuit C such that \Fr\E{C')\ < 2. There are three possibilities for C: 
it lies entirely in V, or shares exactly one vertex with U, or shares exactly two adjacent 
vertices with U. 

In the first case \a\ = 6, and thus |G| = \H\ ■ \ {a)\/\H f] {a)\. Hence \G\ G {12,24}, 
\V{X)\ G {18,36}. By [H Table], X = F18 (the Pappus graph). This case we exclude 
by Magma, F18 has no abelian automorphism group with two orbits on the vertex set 
and in the same time acting unfaithfully on one of these orbits. 

In the second case C can be written as 

C' : u ~ f ~ f a ~ va^ ~ va"^ ~ f ~ u, 

where u E U. Reasoning as in the previous case, we get that a'^ G Gu- Since \Gu\ = 2 
and \a\ > 5, \a\ = 8 and H n (a) = Gu- Then |G| = 16, \V{X)\ = 24, and so 
X = GP{12, 5). This graph was already excluded. 
Finally, in the third case G' can be written as 

C" : Ml ~ ^2 ~ f ~ f a ~ va^ ~ va^ ~ Mi, 

where ^1,^2 £ U. Then U2a^ ~ va^, and hence U2a^ = ui. Thus the edge {uia^ ^U2a?} 
must be equal to the edge {^1,^2}, showing that uio? = U2, and G H. As \a\ > 5 
and H = Z^, we see that \a\ = 6, \G\ = 12, \V{X)\ = 18, and so X ^ F18. This was 
already excluded. □ 

3 Bipartite graphs 

In this section we turn to the case when G is faithful on both U and V. Till the end of 
Section 4 let us fix vertices u E U and v eV such that {u,v} G E{X). Then 

U = {ug : g eG} and V = {vg : g e G}. (3) 
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Also, ug 7^ ug' and vg 7^ vg' whenever g ^ g' . 

The goal of this section is to derive the following theorem: 

Theorem 3.1. Suppose that G acts faithfully on both U and V, andX is a bipartite graph 
with color classes U and V. Then (X, G) = {Q3, Z4) or (GP(8, 3), Zg) orX ^ H{G; a, b) 
and G = {a, b), where a'^ = ba~^ and b'^ = a^^ for some a G Aut(G). 

The proof of Theorem 13.11 will be given in the end of the section. For this section X 
will be assumed to be bipartite with color classes U and V. Then there exist a,b E G 
suh that 

EiX) = { {ug, vg}, {ug, vga}, {ug, vgb} : g eG}. (4) 

Then G = {a, b) by the connectedness of X. In fact, X is isomorphic to the Haar graph 
H{G; a, b) defined in Example II. 2[ 

Let N < G. The orbit of ug E U {vg E V, respectively) under N will be written as 
uNg {vNg, respectively). Suppose, in addition, that N ^ G and iV<Aut(X). Then 
the orbits of N (X-orbits for short) form a system of imprimitivity for the permutation 
group Aut(X). Let K be the kernel of the action of Aut(X) on the set of orbits of N, 
i.e., K = {g E Aut(X) : Og = O for every X-orbit O}. It is clear that N < K, and that 
K has the same orbits as X. For a vertex w, denote by the stabilizer of w in K. 
Using that X is cubic and N G, we obtain that if w' ~ w, then w and w' belong to 
different X-orbits. This implies that fixes every neighbor of w. Combining this with 
the connectedness of X it follows in turn that, |X^| = 1, \K\ < \N\, and so X = X. 

For g E Aut(X), let g denote the permutation of the set of X-orbits induced by g, 
and for a subgroup H < Aut(X), let H = {g : g E H}. Then H ^ H/{H fl K), and 
since K = N, the following isomorphisms holds: 

H^H/{HnN)^HN/N. (5) 

In the sequel we shall consider the factor graph X/N defined as follows: the vertices 
are the X-orbits, i.e., 

V{X/N) = {uNg -.gEG} U {vNg : g E G}; (6) 

and two orbits O and O' are adjacent if and only if there exist w E O and w' E O' such 
that w ~ w' in X. It is not hard to see that X/N is a connected and cubic graph, the 
elements in Aut(X) act as automorphisms of X/N, and Aut(X) is transitive on E{X/N) 
(compare these also with the previous paragraph). Obviously, G < Aut(X) and ([5]) gives 
that G = GN/N = G/N. In what follows we write G/N for the permutation group G. 

In the next lemma we choose X to be the core of G in Aut(X), i.e., X is the largest 
normal subgroup of Aut(X) contained in G. 

Lemma 3.2. Let X be the core of G in Aut(X) and suppose that N ^ G. Then 
{X/N, G/N) = (X3,3,Z3) or {QA) or (F^Z^). 
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Proof. Let M < G such that M < k\it{X/N). Since Aut(X) < Aut(X/A^), M < 
Aut(X), and therefore, MN/N < Aut(X)/iV, see (E]). This gives that MN < Aut(X). 
As MN < G and N is the core of G in Aut(X), MN = N, and M is trivial We 
conclude that G = G/N has trivial core in Aut(X/A^). Using also that G/N is abelian 
with two orbits on V{X/N) given in ([6]), it is sufficient to prove Lemma 13.21 for the 
particular case when N is trivial. 

By Tutte's Theorem (see the introduction), X is s- regular for some s < 5. Thus 
I Aut(X)| = \V{X)\ ■ 3 ■ 2^-1 = |G| . 3 ■ 2^ and hence | Aut(X) : G] = 3 ■ 2^ Let us 
consider the action of Aut(X) on the set of right G-cosets in Aut(X). Then G acts as 
a point stabilizer, and as the core N is trivial, this action is faithful. Equivalently, G is 
embedded into S3.20-1, and we write G < 5*3.28-1. It was proved in [3], Theorem 1] that, 
if n = 3m + 2 and A < Sn is abelian, then 

|A|<2-3'". (7) 

Moreover, equality holds above if and only if A = Z2 x Z™. 

Let s = 1. Then G < S^, and thus |G| < 6 . Then |V"(X)| < 12, however, no 
graph in [U Table] with less than 13 vertices is 1-regular. Observe next that X has the 
6-circuit: 

C : f ~ M ~ f a ~ uab~^ ~ vab^^ ~ ub^^ ~ v. 

Since X is bipartite, its girth is 4 or 6. If the girth is 4, then (X, G) = Z13) or 

(Q3, Z4), see Table 1. For the rest of the proof let the girth be equal to 6. 

Let s = 2. Then G < Su, G = {a,b), where a,b are defined in (jlj), and hence 
\G\ < 54 follows from ([7]) and the remark afterward. Then |y(X)| < 108, and by [H 
Table], \V{X)\ e {16, 24, 32, 50, 54, 72, 96, 104}. Each of these numbers can be excluded 
by the help of Magma. 

Finally, let s > 2. Since X has girth 6, it follows by ^ Theorem 2.3] that, X = F14 
or F18 or GP(10, 3). A direct computer check shows that (X, G) = (F14, Z7). □ 

In our next proof we make use of properties of voltage graphs. We review next 
the relevant definitions and notations (for more details, we refer to [13]). Let Y be 
a finite simple graph and be a finite group. For an arc x = {w,w') G A{Y) we 
set = {w',w). A K-voltage assignment of F is a mapping ^ : A(Y) K with 
the property C,{x~^) = C{x)~^ for every x G A{Y). The values of ( are called voltages 
and K is called the voltage group. Voltages are naturally extended to directed walks 
W : Wi W2 ^ ■ ■ ■ ^ Wn hj letting 

n— 1 
i=l 

Fix a spanning tree T of Y. Then every edge not in E{T) together with the edges 
in E[T) span a unique circuit of Y, and we shall refer to the circuits obtained in this 
manner as the base circuits of Y relative to T. The i^'-voltage assignment ( is called 
T -reduced if ({x) = Ik whenever x is an arc in T. 
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The voltage graph Y x^^ K is defined to have vertex set V{Y) x K, and edge set 




The voltage group K induces an automorphism group ofY X(^ K through the action 
kright '■ {w , I) {w,lk), w G V{Y) and k,l E K. We set Knight = {kright '■ k G K}. Let 
g G A.vX{Y X(^K) such that it normalizes Kright- This implies that, if (w, k) G V{Y X(^K) 
and (w, k)g = {w', k'), then w' does not depend on the choice of k E K, and the mapping 
w ^ w' is a well-defined permutation of V{Y). The latter permutation will be called the 
projection of g, obviously, it belongs to Aut(y). On the other hand, an automorphism 
of Aut(y) is said to lift to an automorphism of F i^' if it is the projection of some 
automorphism ofY x^K. The following "lifting lemma" is a special case of fi6\ Theorem 



Theorem 3.3. Let Y Xf^K he a connected voltage graph, where K is an abelian group, 
and Q is a T -reduced K -voltage assignment. Then a G Aut(F) lifts to an automorphism 
ofYX(^Kif and only if there exists some a* G Aui{K) such that 



for every directed base circuit C relative to T . 

Lemma 3.4. Let N he the core ofG in Aut(X) and suppose that N ^ G, N is nontrivial 
such that {X/N,G/N) ^ {QA)- Then (X, G) ^ (GP(8, 3), Zg). 

Proof. Recall that G = {a,b), where a and b are defined in (j4]). We may assume that 
Na is a generator of G/N. It is not hard to see that Nb ^ N and Nb ^ Na, hence 
Nb = Na^ for some t G {2,3}. Also, there exist ni,n2 G such that = Ui and 
b = n2a*. Since G = {a,b), N = (rii, 77-2). Here we consider only the case that t = 2 (the 
case that t = 3 can be treated in the same manner). 

We proceed by defining a A^-voltage assignment of the factor graph X/N (in fact, 
the cube Q3). By 

V{X/N) = {uNa' : z G {0, 1, 2, 3}} U {vNa' : z G {0, 1, 2, 3}}. 

We depict X/N in Figure 1, where also specify a spanning tree T by the dotted edges, 
and a T-reduced A^- voltage assignment ( : A{X/N) N. We claim that X/N x,^ N = 
X. For an easier notation, set X = X/N x^ N. Then V{X) = V{X/N) x N. In fact, 
we are going to show that the mapping / : V{X) — )■ V{X), defined by 



Let g E G. Then g factors as g = ma^ , m E N, j E {0, 1, 2, 3}, define the permutation 
?ofV^(X)by 



4.2]: 



/: {uNa\n) v-^ una^ and {yNa\n) 1— )■ vna\ 



is an isomorphism from X to X. 




n) if i + j < 4 

mnn\) Hi + j > 4 
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Figure 1: Voltage assignment ( oiX/N. 



and 

{vNa^~^^ ,mn) if ? + j < 4 



g: {vNa\ n) 



{vNa^^^ ^, mnrti) if z + j > 4. 



Notice that, actually, 'g = fgf~^ holds for every g E G. This gives that G = fGf~^. 
We are going to show at first that ^ is an automorphism of X. The statement follows 
quickly ii g = n E N because then n = riright- Since G = {N, a), it is enough to show 
that a G Aut(X). Let wi and W2 be two adjacent vertices of X. By definition ([8]), we 
may write wi = {uNa^^,n) and W2 = (f iVa*^, C(a;)n), where x = {uNa^^ ,vNa^'^) is an 
arc of X/N, and ( is defined in Figure 1. We derive below that wia ~ W2a: 

Let ii < 3 and is < 3, or = = 3. Then C{iuNa'^+\vNa'''+^)) = Cix). Set 
£ = if ii < 3 and 12 < 3, and e = 1 if ii = ^2 = 3. Then the statement follows as 

wia = {uNa''+\nnl) (vNa'^+\C{iuNa''+\vNa'^+^))nnl^ 
= {vNa'^~^^, C{x)nn\) = W2a. 
If ii < 3 and = 3, then C{{uNa'^+\vNa'^+^)) = niC(x), and 

wia = {uNa''+\n) (vNa'^+\C{iuNa''+\vNa'^+^))nj 

Finally, if zi = 3 and < 3, then C{{uNa'^+^, vNa'^^'^) ) = n^\{x), and 
wia = {uNa''+\nni) (vNa'^+\C{iuNa''+\vNa'^+^))nni^ 

Set G = {g : g E G} < Aut(X). It can be seen that G has two orbits on V{X) 
induced by the vertices {uN, 1^) and {vN, Ijy) respectively. Let Nj^{{uN, 1^)) denote 
the neighborhood of {uN, In) in X. Then 

N^iiuN, In)) = {{vN, In), {vNa, In), {vNa\ ria)}. 
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The above set is mapped by / to the set {v, va, vn2a^}, and since b = n2a^, this is equal 
to the neighborhood of u in the graph X. Also, as / maps {uN, l^v) to u, we obtain 
that, for any edge e G E{X) such that e is incident with {uN, l^v), ef will be an edge 
of X (here ef denotes the image of e under the mapping /). We derive that / is an 
isomorphism by showing that the same holds for any edge e G E{X). Observe that, 
there exists a suitable ^ G G so that eg is incident with {Nu, In), put e' = e'g. Then 
ef = {e'g~^)f = {e'{fg^^f^^))f = {e'f)g~^, showing that ef is indeed an edge of X. 

Since N < Aut(X), fNf-^ < /Aut(X)/-i = Aut(X). As fNf-^ = N = Nr^ghu 
we see that every g G Aut(X) has a projection g. Let us denote by P the projection of 
Aut(X), i.e., P = {g '■ g & Aut(X)}. In particular, the projection of G is generated by 
the 4-cycle a = {uN uNa uNa? uNa^){vN vNa vNo? vNa^), hence a & P. Using also 
that P is transitive on E{X/N), we compute by Magma that P = Aut{X/N). Thus for 
the automorphism /3 = {uNa? uNa^){vNa vNa?) of X/N, /3 lifts to an automorphism 
of X. 

We apply Theorem 13.31 to X = X/N N with a = (3 and the following directed 
base circuits relative to T: 

C : uN ~ vNa^ ~ uNa ~ vNa ~ uN , 

C : uNa ~ vNa^ ~ uNa^ ~ vNa^ ~ uNa, 

C" : uN ~ vNa ~ uNa ~ vNa^ ~ uNa^ vN uN . 

Let (7* be the automorphism of N given in Theorem 13.31 Since C,{C) = C{C) = n2, 
= a,{n2) = CiC'P). This gives ^2 ^ = nml Also, C(C") = and C(C"/3) = 
Iat, hence cr^,(nin2) = Itv, and so nin2 = In- Finally, rii = n2, n\ = In, and so \N\ = 2. 
Thus X = GP{8, 3), and we compute by Magma that G = Zg. □ 

Proof of Theorem 13.11 As noted before, X = H{G; a, b), where a,b & G are defined 
in (jl]). We are going show the following property: if X ^ Q3 nor GP(8,3), then there 
exists a subgroup H < Aut(X) such that 

H is transitive on -E'(X) and G < H. (9) 

Let N be the core of G in Aut(X). If X = G, then ^ holds by letting H = Aut(X). 
Let X < G. By Lemmas O and [331 iX/N,G/N) = (X3,3,Z3) or (F14,Z7). Using that 
Aut(X) is transitive on E{X/N), we obtain by Magma that in either case Aut(X) 
contains a subgroup K such that K is transitive on E{X/N) and G < K. Now, ([9]) 
holds by letting H to be the subgroup H < Aut(X) for which G < H and H = K. 

Let Hu denote the stabilizer of u in H. The orbit of v under Hu is equal to {v, va, vb}, 
thus there exists an element a G Hy^ which acts on this orbit as a 3-cycle. We may write 
that va = va, {va)a = vb and {vb)a = v. As a normalizes G and sends u to m and v to 
va, there exists an automorphism a G Aut(G) such that a acts on V{X) as 

a : ug ug"^ and vg i-)- v{g'^a). 
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In particular, vb = {va)a = f (a°"a) and v = {vb)a = v{lfa). Thus h = a"a and 1g = h"a, 
hence a and h satisfy the conditions given in Theorem 13.1^ and so X is symmetric (see 
Example [12]) • □ 

4 Proof of part (B) 

Another partial case of Theorem 11.31 (B) follows directly from [HI Theorem 1.1]: 

Theorem 4.1. Suppose that G acts faithfully on both U and V, any vertex in U has one 
neighbor in V, and any vertex in V has one neighbor in U. Then {X, G) is isomorphic 
to one of the following pairs: 

(F40,Z2 xZio), (GP(4,1),Z4), (GP(4,l),Zi), (GP(5, 2), Z5), (GP(8, 3), Zg), 
(GP(10,2),Zio), (GP(10,3),Zio), (GP(12, 5), Z12), (GP(24, 5), Z24). 

In view of Theorems 13.11 and 14. H Theorem 11.31 (B) reduces to the following theorem, 
which we are going to prove in the end of the section: 

Theorem 4.2. Suppose that G acts faithfully on both U and V, any vertex in U has two 
neighbors in V, and any vertex in V has two neighbors in U . Then (X, G) is isomorphic 
to one of the following pairs: 

iK,,Z2), iQs,Zl), (GP(8,3),Z2xZ4), (G'P(12, 5), Z2 x Zg). 

The orbits U and V are as defined in (|3]), and as for the edges, there exist a,b,c E G 
such that 

EiX) = { {ug, uga}, {vg, vgb}, {ug, vg}, {ug, vgc} : g eG}. (10) 
Clearly, a and b are involutions, and it can be easily shown that G = (a, b, c). 

Lemma 4.3. Let N be the core of G in Aut(X). Then {X/N,G/N) ^ {K4,Z2) or 
iQs,Zl). 

Proof. Similarly to the proof of Lemma 13. 2[ it is sufficient to prove the lemma for the 
case when N is trivial. If X has girth at most 4, then {X,G) = (i^'4,Z2) or {Q^jZ"^), 
see Table 1. Let the girth of X be larger than 4. Then a ^ b, for otherwise, we have 
the 4-circuit: u ^ ua ^ va = vb v ^ u. U (a, b) fl (c) is trivial, then 

G= (a) X (b) X (c) ^ Z2 X Z2 X Z„. (11) 

Otherwise, c must be of even order, say 2n, and c" G (a, 6). We may assume without 
loss of generality that c"' a, and thus 

G = {a) X (c) ^ Z2 X Z2„, and 6 = c" or ac". (12) 
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By Tutte's Theorem X is s-regular for some s < 5. Reasoning as in the proof of 
Lemma IX^ we see that G is embedded into 5'3.2s_i, and we write G < S3.20-1. 

If s = 1, then ^2 X Z2 < G < 5*5, from which it follows at once that \G\ = 4, and 
X = Q3, which is excluded as the girth of X is larger than 4. 

Let s = 2. Then G < Su, and thus n < 13 by ([7]). A direct computer check shows 
that if G is given as in ffTTl) and n < 13, then X is not edge-transitive. Furthermore, if 
G is given as in f ll2p and n < 13, then X is edge-transitive in two cases: n = 2 or 3, and 
b = ac"'. The corresponding graphs are GP{8, 3) and GP{12, 5) respectively, however, 
then the core of G in the full automorphism group has order 2 and 3 respectively. 

Let s > 3. By the previous paragraph we may assume that n > 13. The graph X 
has the 8-circuit: 

M ~ -ua ~ fa ~ vab ~ uab ub vb v ^ u. 

Thus X must have an 8-circuit starting with the 3-arc -u ~ f c ~ mc ~ f c^, too. Let us 
write such an 8-circuit in the form: 

2 2 I 2 a II 2 a III 2 n s: 

C : u ^ vc ^ uc ^ vc ^ xc a ^ X c ap ~ x c ap7 ~ a; c ap^yo ~ u, 

where x, x', x", x"" G {u, v} and a, f3,'y,6 E {Iq, a, b, c, c~^}. Put t] = c^a(3'j6. Then 

T] = da'b'^ for some i G {0, . . . , 4} and j, k G {0, 1}. 

Since u ~ x"'ri and x""ri 7^ f c, G {Ig, ct}- Thus Iq = 1]^ = c^'^a^^b'^^ = c^*. This implies 
that i = 0, for otherwise, the order of c is at most 8, hence n < 8 (see ffTTj) and f|T2l) ). 
which contradicts the assumption that n > 13. It is easy to see that i = happens only 
in one case: 

C : u ^ vc ^ uc ^ v(? ~ vc^b ~ ucb ~ vcb ^ ub u. 
Then, however, rj = b, contradicting that f] G {1g, d} and a ^ b. □ 

Proof of Theorem 14.21 Let be the core of G in Aut(X). If A^ is trivial, then X 
and G are determined in Lemma [4.31 For the rest of the proof let A^ be non-trivial. We 
proceed by the two cases of Lemma 14. 3[ 

Case 1. X/N = K4 and G/N = Z2. 

It is easily seen that none of a, b and c is in A^, and hence G = N x (a), b = riia, 
and c = for some ni,n2 G A^. Since G = {a,b,c), N = (^1,77,2). Also, since a ^b 
are involutions, ni is an involution. 

Assume for the moment that A^ is not a 2-group, and let p be an odd prime divisor of 
|A^|. Then the subgroup M = {rii^n^) is the unique subgroup in A^ of index p, hence it 
is characteristic in A^. Using also that A^ < Aut(X), we obtain that M < Aut(X). The 
quotient graph X/M is a connected cubic symmetric graph on 4p points. Also, G/M is 
an abelian subgroup of Aut(X/M) with two orbits such that there are two matchings 
between these orbits. Since X has 4p points, it was proved in [9, Theorem 6.2] that 
X = Qs or G'P(8,3) or G'P(10,3) or GP(10,5) or F28 (the Coxeter graph). However, 
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Figure 2: Voltage assignment ( oi X/N . 

we compute by Magma that none of these graphs have an abehan automorphism group 
with two orbits of equal lengths and in the same time there are two matchings between 
the orbits, and therefore, must be a 2-group. 

Recall that N = (ni,n2) and rii is involution. Let |A^| = 2*, and assume for the 
moment that |A^| > 8. Then there is a characteristic subgroup M < N with : M\ = 8. 
This can be seen at once if \N\ = 8 or is cyclic; while when none of these holds, then 
= Z2 X Z2t-i for t > 4, and M is the unique subgroup isomorphic to Z2 x Z2i-3. Since 
M is characteristic in N and N < Aut(X), M < Aut(X), and the quotient graph X/M 
is a connected cubic symmetric graph on 32 points. By [H Table], X/M = F32 (the 
Dyck graph). This graph, however, has no abelian automorphism group with two orbits 
of equal lengths and in the same time there are two matchings between the orbits. We 
conclude that |A^| = 2 or = |4|. If |A^| = 2, then X = Q^, and G = Z^, see Table 1. 
If |A^| = 4, then X ^ GP(8,3), and we compute by Magma that G ^ Z2 x Z4, and 
A^ = Z4. 

Case 2. X/N = Q3 and G/N = Z^. 

Again, none of a, b, c is in A^. Assume for the moment that Na = Nb. Since 
G = {a,b,c), G/N = {Na,Nc). Let us consider the quotient graph X/N = Q3. As A^ 
is the core of G in Aut(X), G/N has trivial core in Aut(X/A^). By V{X/N) = 
{uN, uNa, uNc, uNac, vN, vNa, vNc, vNac}. Now, uN has neighbors as uNa, vN and 
vNc, vertices at distance 2 as vNa, vNac, uNc, and so its antipodal vertex is uNac. Sim- 
ilar considerations yield that the antipodal pairs of X/N are the orbits of the involution 
Nac, hence Nac is the central involution in Aut(X/A^). This, however, contradicts that 
G/N has trivial core in Aut(X/A^). We conclude that Na ^ Nb. 

Then G/N = {Na, Nb), c = riiab for some rii G A^, and finally A^ = (ni). We depict 
X/N in Figure 2, where also fix a spanning tree T shown by the dotted edges, and a 
T-reduced A^- voltage assignment ( : A{X/N) — )■ A^. As before, we set X = X/N x^ A^, 
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and define the mapping / : V{X) — V{X) by 

/ : {uNx, n) unx and {vNx, n) vnx, x E {Iq, b, ab}. 

Reasoning as in the proof of Lemma 13.4^ we obtain that / is an isomorphism from X 
to X, and also that Aut(X) projects to a subgroup of Aut(X/A^) which is transitive on 
E(X/N). Thus for the automorphism a = [uNa vNab vN)(yNa uNab vNb) of X/N, 
a hfts to an automorphism of X. 

We apply Theorem 13.31 to X = X/N N with a = a and the following directed 
base circuits relative to T: 

C : uN ~ vNab ~ vNa ~ uNa, 

C : uNb ~ vNa ~ vNab ~ uNab ~ uNb. 

Let a^, be the automorphism of N given in Theorem 13.31 Since C(C*) = C(C") = "n-i, 
((Ca) = a,(ni) = C(C"a), which gives = m. Thus |A^| = 3, \v\x)\ = 24, 
X = GP( 12, 5), and we compute by Magma that G = Za x Zg and = Z3. □ 
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